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Branched Eden clusters in the dynamic epidemic model
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~Received 4 August 1997; revised manuscript received 20 January 1998!

The dynamic epidemic model@J. Phys. A29, 309 ~1996!# considers a simple Eden growth history in a
medium containing a fractionx of mobile hindrances~‘‘particles’’ !. These particles are supposed to be pushed
by the front of the growing cluster. We have investigated how the medium becomes organized aftern succes-
sive Eden growth cycles. Applications to various fields are underlined. Unexpectedly, the mobile hindrances
aggregate such that the Eden cluster becomes branched after a finite number of growth cycles.
@S1063-651X~98!05407-5#

PACS number~s!: 05.40.1j, 81.10.Aj, 61.43.Hv
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The formation of patterns reaching a high level of co
plexity is a subject of intense research in physics. Two
mous paradigms ofout of equilibriumstructure developmen
are certainly the Eden@1# and diffusion-limited aggregation
~DLA ! @2# growth models. They describe the growth
rough interfaces of compact structures and the formation
dendritic structures, respectively@3#.

Recently, we have elaborated the so-called dynamic
demic model@4# based on an Eden growth in order to stu
the growth of an interface perturbed by the presence of
bile hindrances. A repulsive interaction between the grow
front and the so-called ‘‘particles’’ is assumed to occur. T
model has been introduced@4,5# to describe the decoration o
crystal by impurities. Other applications can be found in
trapping of bubbles during solidification@6#, the growth of
YBa2Cu3O72x /Y2BaCuO5 superconducting composites@7#,
a granular medium reached by a shock front or a traffic pr
lem @8#, the motion of flux lines near a diamagnetic doma
like in high-Tc superconductors@9#, or the behavior of bio-
logical cells on an ice-water front@10#.

Initially, let each site ~or cell! of a two-dimensional
square lattice be occupied by a particle with a probabilityx
or be empty with a probability (12x). The Eden-like growth
starts by dropping a seed at the center of the lattice. At e
growth step, all empty sites in contact with the growing clu
ter are selected. One of them is randomly chosen an
supposed to belong to the Eden cluster. If a particle
touched by the front, this particle makes a random mo
towards a nearest-neighbor site in order to reduce its con
with the Eden front~see Fig. 1!. If the particle cannot reduce
its number of nearest-neighboring cluster units by suc
jump, the position of the particle remains unchanged a
later becomes trapped by the front in the cluster. The
selection, cluster growth, and particle motion process
scribed here is repeated a large number of timesif possible.
Indeed, the cluster growth can sometimes stop if there is
empty site in contact with the front as in static epidem
percolation@11#. The growth is irreversible~i.e., far from
equilibrium! and history dependent~i.e., non-Markovian!.

*Author to whom correspondence should be addressed. Electr
address: vandewal@gw.unipc.ulg.ac.be
PRE 581063-651X/98/58~1!/1152~3!/$15.00
-
-

of

i-

o-
h
s

e

-

ch
-
is

is
e
ct

a
d
te
-

o

Previous investigations@4,5# have shown that the abov
dynamic epidemic model exhibits a blocking transition
xc50.5660.01. Below xc , the clusters can grow foreve
while above xc , the clusters stop growing. It should b
pointed out that the critical valuexc'0.56 is much higher
than'0.41 for the model with static particles, i.e., the ca
of classical percolation@11,12#. Recently, it has been show
@13# that xc can be mapped to the static percolation probl
using the so-called Galam-Mauger formula@14#. Qualita-
tively, xc increases with the coordination numberz, i.e., the
number of nearest neighbors of the lattice.

It has already been observed@5# that belowxc , the grow-
ing front organizes the random medium. More precisely, the
pushed particles become aggregated and aggregates o
ticles are then engulfed by the growing cluster. The aver
displacementsd of particles are, however, finite@5#. The av-
erage displacementd is a nontrivial function ofx, i.e., not as
simple as a power law, which vanishes when approach
the percolation blocking concentrationxc @5#.

All studies we know only consider that the cluster sto
growing or otherwise is infinite and contains an infinite pe
colation path@12#. Here, each growth is arbitrarily stoppe
when the cluster reaches a predetermined finite sizeN called
the ‘‘history time.’’

The aim of the present paper is to show whether and h
the medium becomes organized during and after severn
successive Eden growths of identical time historiesN and for
x,xc . Thus, in between successive Eden growths, the c
ter is ‘‘removed from’’ the lattice but the dispersion of pa
ticles is left in the state reached at the end of the history

ic

FIG. 1. Illustration of one growth step of the dynamic epidem
model. The growing phase is drawn in white, the mobile partic
are drawn in black, and the empty sites are shown in gray.~a! One
empty site denoted by a cross in contact with the growing cluste
selected at random;~b! this gives a new~white! unit on that site;
~c! the mobile particle touched by the new unit jumps towards
nearest-neighboring site in order to reduce its contact with
cluster.
1152 © 1998 The American Physical Society
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Two specific examples serve as arguments. The pre
investigations are relevant for the water transport of salts
porous media like cementeous materials. Salts are left o
by water in the pores during warming conditions. Capillari
forces driving the water invasion during wetting condition
greatly depend on the salt dispersion in pores@15#. In this
case, cycles correspond to the porous materials being
posed to bad weather conditions. A second example is
displacements of magnetic flux lines in a superconduc
Flux lines can be pinned on defects. If the temperature f
ther decreases, some diamagnetic domain nucleates and
lines can be expelled along the boundaries of the diam
netic cluster@9#. If the temperature increases, flux lines r
main there since they are pinned. Thus, the present wor
relevant for the case of an oscillating temperature nearTc2 .
The major ingredient to be studied herein is the memo
effect of the medium configuration after each cycle indee

Figure 2 presents typical cluster perimeters forN55000
obtained aftern51, 10, and 50 growths. Three different pa
ticle fractions x are illustrated: x50.20, 0.40, and 0.55.
After the first growth (n51), the clusters are round an
compact as for simple Eden clusters. The black dots
served in the cluster are lacunes since particles~or even
small aggregates! are trapped therein. The aggregated p
ticles are seen to be trapped along radial filamentary s
structures. This structure of trapped particles has been
served in fact in, e.g., the directional solidification o
reinforced aluminum-based materials@16#. This internal pat-
terning indicates that some organization of the random m
dium takes place as shown by the model. Forx'xc ~third
row of Fig. 2!, the clusters present holes, which are sign
tures of fractal patterns near the blocking transition. Aft
n510 cycles, the aggregates of particles seem to be expe
from the center of the growing cluster. Moreover, the acc
mulation of these hindrances leads to an unexpected re
the cluster becomes branched. This is well observed forx

FIG. 2. Typical clusters of time historyN55000 obtained after
n51, 10, and 50 cycles. Cases with different particle concentrati
are illustrated:x50.20, 0.40, and 0.55.
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'0.40. Aftern550 cycles, the clusters recover a round a
compact shape. However, this seems not to be the cas
x'xc . Indeed, branches are still seen in thex50.55 picture.

The evolution of the gyration radiusRg of N55000 clus-
ters as a function of the numbern of cycles is shown in Fig.
3. Three different fractions of particles are illustrated:x
50.20, 0.40, and 0.55. The gyration radius seems to decr
exponentially from@(11gx)N#1/2 for n51 towardsN1/2 for
n→`. Since particles are trapped inside the clusters for l
n values and are expelled out of the cluster whenn→`, the
gyration radius is expected to have the following form:

Rg;$@11gx~12en!#N%n, ~1!

whereen is the fraction of particles expelled out of the clu
ter andg is a constant. The exponentn in Eq. ~1! is clearly
n51/2 and constant withn since the clusters remain dens
~not fractal! for x,xc .

The exponential decay ofRg as a function ofn implies
that the fractionen of particles repelled by the front reache
1 exponentially. We propose to test the following behavio

en512expS 2
nD

Na D , ~2!

whereD(x) is proportional to the average total displaceme
d of particles.

A first observation to be made here concerns the ab
exponential decay itself, which implies the existence o
characteristic relaxation number

n* ;
Na

D
. ~3!

This characteristic numbern* describes how the cluster re
laxes towards a compact Eden cluster free of trapped
ticles. This numbern* diverges forx→xc or for N→`.
Figure 4 presents a log-log plot of 1/n* as a function ofN.
The exponenta has been numerically estimated to bea
50.7060.05. This exponenta is significantly less than
unity. This implies that the aggregation process occurring
the surface of the clusters is definitely a nonlinear proce

Notice that the exponential decay seen in Fig. 3 is som
what unexpected. If one considers the finite displacemend

s

FIG. 3. Dependence of the gyration radiusRg on the number of
successive growth cyclesn. The cluster size isN55000. Three
particle fractions are illustrated:x50.20, 0.40, and 0.55.
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of particles and the conservation of the cluster shape a
function of n, it might be thought that the fraction of pa
ticles repelled should be proportional to the mean displa
mentd of the particles and proportional to the surface of t
cluster (;Rg) such that

xN
den

dn
;d$@11gx~12en!#N%1/2 ~4!

rather giving a power-law decay for (12en) with an expo-
nent 1/2. However, the hypothesis of round clustersdoes not
hold with respect to the above numerical results. Thus,
exponential decay@Eq. ~2!# implies the existence of som

FIG. 4. Log-log plot of 1/n* as a function ofN. Three different
particle fractions are illustrated:x50.20, 0.40, and 0.55. The
slope of the continuous line givesa50.7060.05.
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variation in the cluster morphology. As observed above,
variation of the shape is a branching effect in fact.

Computation time is quite long ford52 lattices. Ivanova
@17# considered recentlyd53 cubic lattices for the dynamic
epidemic lattice. It seems that trapped aggregates are dis
uted along filamentary patterns~like for d52! oriented per-
pendicular to the surface. In so doing, we do not exp
branched Eden clusters ind53 since the two-dimensiona
surface is then pinned by aggregates.

In conclusion, the bridge between Eden and dendr
~such as DLA! growth pattern is captured by the prese
Eden-based model including memory effects. On the ot
hand, simple physical reasons have been introduced in o
to show why the branching of Eden clusters is possible,
where the findings can be applied in various fields of sci
tific investigations.

Notice that extensions of the Eden model including pro
bilistic constraints on the growth leading to branches ha
already been reported as, for example, in@18#. The Eden tree
model @19#, which imposes the growth of a branched stru
ture, has been also studied. However, it should be poin
out that the present model is not probabilistic and does
have particular rulesa priori imposing the formation of
branches: it results from a self-organization of the disorde
medium in which the growth takes place.

This work was partially supported through the ARC~94-
99/174! contract of the University of Lie`ge. A special grant
from FNRS–LOTTO allowed us to perform specific nume
cal work. N.V. is financially supported by the FNRS.
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